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The purpose of this paper is to define an α-type cohomology, which we call
α-type Chevalley-Eilenberg cohomology, for Hom-Lie algebras. We relate it to
the known Chevalley-Eilenberg cohomology and provide explicit computations
for some examples. Moreover, using this cohomology we study formal deforma-
tions of Hom-Lie algebras, where the bracket as well as the structure map α
are deformed. Furthermore, we provide a generalization of the Grand Crochet
and study, in a particular case, the α-type cohomology for Hom-Lie bialgebras.
Introduction
Hom-Lie algebras were introduced in [HLS06] by considering deformations of Lie alge-
bras of vector fields by σ-derivations. They were further studied in [MS08], where Hom-
associative algebras were defined and the definition modified slightly. The main feature is
that the identities are modified using a homomorphism denoted usually by α.
In this paper we define an α-type Chevalley-Eilenberg cohomology for Hom-Lie algebras.
It is an extension of the cohomology for Hom-Lie algebras considered in [AEM11]. It is
build similar to the α-type Hochschild cohomology for Hom-associative algebras defined
in [HM18]. It allows us to study deformations of Hom-Lie algebras, where the bracket
and the structure map α are deformed. We obtain the expected results, that is the
first order term of a deformation is a 2-cocycle and more generally the order by order
construction of deformations is equivalent to solving equations in the third cohomology
space. To prove this we define an L∞ algebra, with Hom-Lie algebras as Maurer-Cartan
elements and related to the α-type cohomology, using a graph complex corresponding to
a free operad. Notice that deformations of Hom-Lie algebras have also been considered
in [MS10] and [AEM11], but where only the bracket is deformed. In the case the Hom-
Lie algebra is just an ordinary Lie algebra, i.e. the structure map is the identity, we
compute the α-type cohomology in terms of the ordinary one. More generally for Hom-
Lie algebras of Lie type, which includes the ones with invertible structure map, we compute
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the cohomology and relate it to the cohomology of a Lie algebra with an endomorphism.
Moreover, concrete examples are provided, we compute the α-type cohomology explicitly
for some low-dimensional Hom-Lie algebras with non-invertible structure map. We also
prove a generalization of the well-known Whitehead theorem for simple Lie algebras to
the Hom-case.
Furthermore, we give a generalization to the Hom-case of the grand crochet, which can
be used to study Lie bialgebras. Hom-Lie bialgebras have been studied in different ap-
proaches [Yau15, SB14]. The super case has been discussed in [FMM17]. In the associative
case a cohomology for Hom-bialgebras has been defined in [DM17]. This allows us to write
down in an easy way the cohomology for Hom-Lie bialgebras with fixed structure map for
an example studied in a less general case in [CS16].
This paper is structured as follows: in the first section we recall the basic definitions of
Hom-Lie and associative algebras and their modules. In Section 2 we define the α-type
Chevalley-Eilenberg cohomology and gives some of its properties. In Section 3 we give
an L∞ structure such that the Maurer-Cartan elements are Hom-Lie algebras and which
can be used to study deformations of Hom-Lie algebras using the α-type cohomology. In
the next section we compute the α-type cohomology, or at least its dimensions, for some
concrete examples. In Section 6 we give a generalization of the grand crochet or big
bracket constructed in [LR90, KS92] and for the Hom-case in [CS16]. Using this we define
in Section 8 a cohomology for Hom-Lie bialgebras with fixed structure map. Finally we give
in the last section some remarks on how this can be generalized to an α-type cohomology
for Hom-Lie bialgebras.
1 Basics
Let K be a field of characteristic zero, but note that most constructions should also work
in other characteristics (not 2) or if K is a ring containing the rational numbers.
We recall basic definitions and constructions of Hom-Lie algebras and Hom-associative
algebras.
A Hom-module (V, α) is a vector space V together with a linear map α, called the
structure map. A morphism between Hom-modules (V, α) and (W,β) is a linear map
ϕ : V → W such that ϕ ◦ α = β ◦ ϕ.
Definition 1.1 (Hom-Lie algebra). A Hom-Lie algebra (g, [·, ·], α) is a Hom-module (g, α)
with a skew-symmetric linear map [·, ·] : g⊗ g→ g, called Hom-Lie bracket, such that the
Hom-Jacobi identity is satisfied and the bracket is compatible with α, i.e. for x, y, z ∈ g
[[x, y], α(z)] + [[y, z], α(x)] + [[z, x], α(y)] = 0, (1)
[α(x), α(y)] = α([x, y]). (2)
The second equation is called multiplicativity and is not required in some papers. We will
often write (g, ν, α) instead of (g, [·, ·], α), where ν : g⊗ g→ g is given by ν(a⊗ b) = [a, b].
A morphism of Hom-Lie algebras is a morphism of the underlying Hom-modules, which
also preserves the product. Morphisms for other types of Hom-algebras and Hom-coalgebras
are defined similarly.
A well known method introduced by D. Yau for constructing Hom-Lie algebras is given
as follows:
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Proposition 1.2. Let (g, ν, α) be a Hom-Lie algebra and γ : g→ g be a Hom-Lie algebra
morphism, then (g, γ ◦ ν, γ ◦ α) is again a Hom-Lie algebra, which we denote by gγ and
call it the Yau twist of g by γ.
If a Hom-Lie algebra is the Yau twist of an ordinary Lie algebra, we say it is of Lie-type.
Definition 1.3 (Hom-associative algebra). A Hom-associative algebra (A,µ, α) consists
of a Hom-module (A,α) and a linear map µ : A⊗A→ A, such that
µ ◦ (id⊗α) = µ ◦ (α⊗ id) (3)
µ ◦ (α⊗ α) = α ◦ µ. (4)
Proposition 1.4. [MS08] Let (A,µ, α) be a Hom-associative algebra, then the commutator
[x, y] = xy − yx defines a Hom-Lie algebra structure on A, which we denote by AL.
Next, we give the definition of modules for Hom-Lie and Hom-associative algebras.
Definition 1.5 (Representation of a Hom-Lie algebra). Let (g, [·, ·], α) be a Hom-Lie
algebra. A representation of g is a Hom-module (V, β) with an action ρ : g ⊗ V →
V, g ⊗ v 7→ g · v, such that for all x, y ∈ g and v ∈ V
[x, y] · β(v) = α(x) · (y · v)− α(y) · (x · v). (5)
We require that it is multiplicative, i.e.
β(x · v) = α(x) · β(v). (6)
We call (M,ρ, β) also a Hom-Lie module over g or simply a g-module.
It is clear that a Hom-Lie algebra g is a g-module by the adjoint action, given by
adx y := x · y = [x, y].
Definition 1.6. Let (A,µ, α) be a Hom-associative algebra and (M,β) be a Hom-module.
Further let ρ : A ⊗M → M, (a ⊗m) 7→ a ·m be a linear map, then (M,ρ) is called an
(left) A-module if
(ab) · β(m) = α(a)(b ·m), (7)
β(a ·m) = α(a) · β(m). (8)
Similarly one can define right A-modules.
An A-bimodule is a Hom-module (M,β), with two maps ρ : A⊗M →M,a⊗m 7→ a ·m
and λ :M ⊗A→M,a⊗m 7→ m · a, such that ρ is a left and λ a right module structure
and
α(a) · (m · b) = (a ·m) · α(b). (9)
Note that a left A-module can be considered as an A-bimodule, where the right action
is trivial, i.e. identically zero.
Obviously A is an A-(bi)module, where the action is giving by the multiplication in A.
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Proposition 1.7. Let (A,µ, α) be a Hom-associative algebra and (M,β) an A-bimodule.
Then M is a representation of the Hom-Lie algebra AL, with action a ·Lm = a ·m−m · a,
which we denote by ML. We will simply write a ·m for a ·Lm if it is clear that we consider
the Hom-Lie action.
Proof. One has to verify
[a, b] ·L α(m) = α(a) ·L (b ·L m)− α(b) ·L (a ·L m). (10)
Next we define the dual notion to Hom-Lie algebra.
For a vector space g and x, y, z ∈ g, we denote by σ the cyclic permutation map x⊗ y⊗
z 7→ z ⊗ x ⊗ y and by τ : g⊗ g → g⊗ g the flip, i.e. τ(x ⊗ y) = y ⊗ x. We call a linear
map δ : g→ g⊗ g skewsymmetric if δ = −τ ◦ δ.
Definition 1.8. A Hom-Lie coalgebra (g, δ, α) is a Hom-module (g, α) with a skew-
symmetric cobracket δ : g→ g⊗ g, satisfying.
δ ◦ (δ ⊗ α) ◦ (id+σ + σ2) = 0. (11)
We also require it to be multiplicative, i.e. δ ◦ α = (α⊗ α) ◦ δ.
Let (g, ν, α) be a Hom-Lie algebra, then a derivation is a linear map ϕ : g → g, such
that ϕ([x, y]) = [ϕ(x), y] + [x, ϕ(y)] and an α-derivation is a linear map ψ : g → g, such
that ψ([x, y]) = [ψ(x), α(y)]+ [α(x), ψ(y)]. We denote the set of derivations of g by Der(g)
and the set of α-derivations by α-Der(g).
We recall the definition of a Hom-Lie bialgebra.
Definition 1.9 (Hom-Lie bialgebra). A Hom-Lie bialgebra is a tuple (g, ν, δ, α, β), such
that (g, ν, α) is a Hom-Lie algebra, (g, δ, β) is a Hom-Lie coalgebra and they are compatible
in the sense that
δ([x, y]) = α(x(1))⊗ [x(2), β(y)] + [x(1), β(y)]⊗ α(x(1))
+[β(x), y(1)]⊗ α(y(1)) + α(y(1))⊗ [β(x), y(2)].
(12)
Here we use Sweedler’s notation δ(x) = x(1)⊗x(2) for the cobracket. Note that on the right
hand side there is an implicit sum. We also require that β◦ν = ν◦(β⊗β), δ◦α = (α⊗α)◦δ
and β ◦ α = α ◦ β.
The condition (12) is often written as
δ([x, y]) = adβ(x) δ(y) − adβ(y) δ(x), (13)
where the adjoint representation of g on g⊗k is defined by
adx(y1 ⊗ · · · ⊗ yk) =
k∑
i=1
α(y1)⊗ · · · ⊗ [x, yi]⊗ . . . α(yk). (14)
Often only the cases α = β or α = β−1 are considered.
A Hom-Lie bialgebra morphism is a morphism of the underlying Hom-Lie algebra and
Hom-Lie coalgebra.
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Proposition 1.10. Let (g, ν, δ, α, β) be a Hom-Lie bialgebra and γ : g→ g be a bialgebra
morphism then (g, γ ◦ ν, δ, γ ◦ α, β), (g, ν, δ ◦ γ, α, γ ◦ β) and (g, γν, δ ◦ γ, γ ◦ α, γ ◦ β) are
again Hom-Lie bialgebras.
Proof. Straightforward calculation.
2 α-type cohomology for Hom-Lie algebras
Similarly to [HM18], we define a cohomology for Hom-Lie algebras. Let (g, ν, α) be a
Hom-Lie algebra and (M,β) be a g-module. We denote by Λkg the k-th exterior power of
g. Then the complex for the cohomology of g with values in M is given by
C˜
n
CE(g,M) = C
n
ν (g,M)⊕ C
n
α(g,M) = Hom(Λ
ng,M)⊕Hom(Λn−1g,M). (15)
Here Hom(Λ0g,M) is set to be {0}, instead of K as usual, since otherwise α−1 would be
needed in the definition of the differential. We write (ϕ,ψ) or ϕ + ψ with ϕ ∈ C•ν(g,M)
and ψ ∈ C•α(g,M) for an element in C˜
•
CE(g,M).
We define four maps, with domain and range given in the following diagram:
Cnν C
n+1
ν
Cnα C
n+1
α
∂αα
∂αν
∂να
∂νν
⊕ ⊕
(∂ννϕ)(x1, . . . , xn+1) =
n+1∑
i=1
(−1)i+1αn−1(xi) · ϕ(x1, . . . , xn+1) (16)
−
∑
i<j
(−1)i+j−1ϕ([xi, xj], α(x1), . . . , xˆi, xˆj , . . . , α(xn+1))
(∂ααψ)(x1, . . . , xn) =
n∑
i=1
(−1)i+1αn−1(xi) · ψ(x1, . . . , xn) (17)
−
∑
i<j
(−1)i+j−1ψ([xi, xj], α(x1), . . . , xˆi, xˆj , . . . , α(xn))
(∂ναϕ)(x1, . . . , xn) = β(ϕ(x1, . . . , xn))− ϕ(α(x1), . . . , α(xn)) (18)
(∂ανψ)(x1, . . . , xn+1) =
∑
i≤j
(−1)i+j−1[αn−2(xi), α
n−2(xj)] · ψ(x1, . . . , xˆi, xˆj , xn+1), (19)
where x1, . . . , xn+1 ∈ g.
The sign given by (−1)· is always determined by the permutation of the xi.
We have the following main theorem.
Theorem 2.1. Let (g, ν, α) be a Hom-Lie algebra and (M,β) be a g-module. Further let
∂ : C˜
n
CE(g,M)→ C˜
n+1
CE (g,M) be a map defined by ∂(ϕ,ψ) = (∂ννϕ− ∂ανψ, ∂ναϕ− ∂ααψ).
Then the pair (C˜
•
CE(g,M), ∂) is a cohomology complex.
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Proof. This is a straightforward calculation. One has to take care of the signs, but as
stated above most of the sign come from permutations of the xi. We will omit this in the
following, and simply write ±, since this simplifies the formulas and the correct sign is easy
to obtain. Further in the sum over i, j, . . . the elements corresponding to xi, xj , . . . are
omitted from the sequence x1, . . . , xn, such that each xi appears once in each expression.
∂νν(∂ννϕ)(x1, . . . , xn) =
n−1∑
i=1
n−1∑
j=1,i 6=j
±αn(xi) · (α
n−1(xj) · ϕ(x1, . . . , xn)) (20)
−
∑
i
∑
j<k,j,k 6=i
±αn(xi) · ϕ([xj , xk], α(x1), . . . , α(xn)) (21)
−
∑
i<j
∑
k 6=i,j
±αn(xk) · ϕ([xi, xj ], α(x1), . . . , α(xn)) (22)
−
∑
i<j
±αn−1([xi, xj ]) · ϕ(α(x1), . . . , α(xn)) (23)
+
∑
i<j
∑
k<l,k,l 6=i,j
±ϕ(α[xk, xl], α([xi, xj ]), α
2(x1), . . . , α
2(xn)) (24)
+
∑
i<j
∑
k 6=i,j
±ϕ([[xi, xj ], α(xk)], α
2(x1), . . . , α
2(xn)) (25)
=
∑
i<j
∑
i<j
±αn−1([xi, xj]) · ϕ(α(x1), . . . , α(xn)) (26)
−
∑
i<j
±αn−1([xi, xj ]) · βϕ(x1, . . . , xn). (27)
The terms (21) and (22) cancel each other and (24) cancel itself due to antisymmetry,
and (25) due to the Hom-Jacobi identity. Equation (20) gives the term (27) by the Hom-
Jacobi identity and (23) is equal to (26). It is easy to see that this is the same as ∂αν∂ναϕ.
One can compute ∂αα(∂ααψ) similar to ∂νν(∂ννϕ) and gets∑
i<j
∑
i<j
αn([xi, xj ]) · ϕ(α(x1), . . . )−
∑
i<j
αn([xi, xj ]) · βϕ(x1, . . . ).
This is the same as ∂να∂ανψ. It remains to show that ∂να∂νν = ∂αα∂να and ∂αν∂αα =
∂νν∂να. We compute
∂να∂ννϕ(x1, . . . , xn+1) =
n∑
i=1
(−1)i−1αn(xi) · βϕ(x1, . . . , xn+1)
−
n∑
i=1
(−1)i−1αn(xi) · ϕ(α(x1), . . . , α(xn+1))
−
∑
i<j
(−1)i+j−1ϕ(α([xi, xj ]), α
2(x1), . . . , α
2(xn+1))
+
∑
i<j
(−1)i+j−1βϕ([xi, xj ], α(x1), . . . , α(xn+1))
= ∂αα∂ναϕ(x1, . . . , xn+1)
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and
∂αν∂ααψ(x1, . . . , xn) =
∑
i<j
∑
k 6=i,j
±αn−1([xi, xj ] · α
n−1([xi, xj], )) · ψ(x1, . . . , xn)
−
∑
i<j
∑
k<l,k,l 6=i,j
±αn−1([xi, xj ]) · ψ([xk, xl], α(x1), . . . , α(xn)).
The first term is zero, which can be seen using the module structure and the Hom-Jacobi
identity. It is also easy to see that ∂νν∂ανψ gives the same.
So we can define:
Definition 2.2. The cohomology defined by the α-type Chevalley-Eilenberg complex
(C˜CE(g,M), ∂) is called α-type cohomology of g with values inM and denoted by H˜CE(g,M).
One can of course specialize this to define the α-type cohomology of a Hom-Lie algebra
with values in itself, where the action is given by the adjoint action. So let (g, ν, α) be a
Hom-Lie algebra then we define
C˜
n
CE(g) = Hom(Λ
ng, g)⊕Hom(Λn−1g, g) (28)
and maps
∂ννϕ(x1, . . . , xn+1) =
n+1∑
i=1
(−1)i+1[αn−1(xi), ϕ(x1, . . . , xn+1)]
−
∑
i<j
(−1)i+j−1ϕ([xi, xj], α(x1), . . . , xˆi, xˆj , . . . , α(xn)),
(29)
∂ααψ(x1, . . . , xn) =
n∑
i=1
(−1)i+1[αn−1(xi), ψ(x1, . . . , xn)]
−
∑
i<j
(−1)i+j−1ψ([xi, xj ], α(x1), . . . , xˆi, xˆj , . . . , α(xn)),
(30)
∂ναϕ(x1, . . . , xn) = α(ϕ(x1, . . . , xn))− ϕ(α(x1), . . . , α(xn)), (31)
∂ανψ(x1, . . . , xn+1) =
∑
i≤j
(−1)i+j−1[[αn−2(xi), α
n−2(xj)], ψ(x1, . . . , xˆi, xˆj , xn+1)]. (32)
The differential ∂ can now be defined as before by ∂(ϕ,ψ) = (∂ννϕ− ∂ανψ, ∂ναϕ− ∂ααψ).
This complex is called α-type Chevalley-Eilenberg complex of g with values in itself and
its cohomology is denoted by H˜CE(g, g).
Remark 2.3. Note that since ϕ is completely skewsymmetric, we can write
∂ανψ(x1, . . . , xn+1) =
∑
σ∈Sn+1
sign(σ)
1
2 · (n− 1)!
αn−2([xσ(1), xσ(2)])ψ(xσ(3) , . . . , xσ(n+1)),
∂ννϕ(x1, . . . , xn+1) =
∑
σ∈Sn+1
sign(σ)
1
n!
(
αn−1(xσ(1)) · ϕ(xσ(2), . . . , xσ(n+1))
−
1
2
ϕ([xσ(1), xσ(2)], xσ(3), . . . , xσ(n+1))
)
,
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∂ααψ(x1, . . . , xn) =
∑
σ∈Sn
sign(σ)
1
(n − 1)!
(
αn−1(xσ(1)) · ψ(xσ(2), . . . , xσ(n))
−
1
2
ψ([xσ(1), xσ(2)], xσ(3), . . . , xσ(n))
)
.
Let A be a Hom-associative algebra and M be an A-bimodule. We consider the α-type
Hochschild cohomology defined in [HM18]. Then we can define a map Φ : H˜C
•
(A,M) →
C˜
•
CE(AL,ML) by
Φ(ϕ)(x1, . . . , xn) =
∑
σ∈Sn
sign(σ)ϕ(xσ(1), . . . , xσ(n)). (33)
Here Sn denotes the symmetric group and sign(σ) the signature of a permutation σ.
Theorem 2.4. The map Φ is a surjective chain map. So it induces a map in cohomology.
Proof. It is clear that it is surjective. We have to check Φd = ∂Φ, where d denotes the
α-type Hochschild differential. Clearly Φdµα = ∂ναΦ. Further, we have
Φdµµϕ(x1, . . . , xn+1) =
∑
σ∈Sn
sign(σ)
(
αn−1(xσ(1))ϕ(xσ(2), . . . , xσ(n+1)) (34)
+ (−1)nϕ(xσ(1), . . . , xσ(n))α
n−1(xσ(n+1)) (35)
+
∑
i
(−1)iϕ(α(xσ(1)), . . . , xσ(i)xσ(i+1), . . . , α(xσ(n+1)))
)
(36)
=
n∑
i=1
∑
σ∈S˜n
sign(σ)
(
αn−1(xi) ·L ϕ(xσ(1), . . . , xˆi . . . , xσ(n)) (37)
+
∑
i
1
2
ϕ(α(xσ(1)), . . . , [xσ(i), xσ(i+1)], . . . , α(xσ(n+1)))
)
, (38)
where S˜n is the symmetric group on {1, . . . , . . . , n+1}\{i}. Using Remark 2.3 it is easy to
see that this equals ∂ννΦ. The proof for the other parts of the differential are similar.
Remark 2.5. The complex of Hom-Lie algebras cohomology given in [AEM11] is a subcom-
plex of the α-type Chevalley-Eilenberg complex defined here. It is spanned by cocycles
of the form (ϕ, 0). To get that ∂(ϕ, 0) is again of this form, we need ∂ναϕ = 0. So we
define the complex CnCE(A) = {ϕ ∈ Hom(Λ
ng, g)|αϕ = ϕα⊗n}. The map ∂νν defines a
differential on this complex. This is precisely the complex given in [AEM11].
2.1 Cohomology for Hom-Lie algebras of Lie-type
In this section, we aim to study the cohomology of Hom-Lie algebras obtained by Yau
twist of a Lie algebra together with an endomorphism. We show a relationship between the
cohomology of a Lie algebra morphism and the α-type Chevalley-Eilenberg cohomology.
The cohomology for a homomorphism between two Lie algebras has been studied in
[NR67, FMY09, FZ15], see [ABM18] for the Hom-case. Here we want to modify this to
8
the case of an endomorphism. So let g be a Lie algebra and γ : g→ g be an endomorphism.
Then the usual complex restricts to
Cn(γ) := Cn(g, γ) := Cnν (g, γ)⊕ C
n
γ (g, γ) = Hom(Λ
ng, g)⊕Hom(Λn−1g, g) (39)
for all n ∈ Z. We denote an element in Cn(g, γ) by a pair (ϕ,ψ). The differential is
defined by δ(ϕ,ψ) = (∂CEϕ,−∂CEψ + ∂γϕ), where ∂CE is the usual Chevalley-Eilenberg
differential and ∂γϕ = γϕ− ϕγ
⊗k for ϕ ∈ Hom(Λkg, g).
We set Hom(Λng, g) = 0 for n ≤ 0. So we also set Hom(Λ0g, g) to zero, since this way
it agrees with the complex for the α-type cohomology.
Now, we regard the Hom-Lie algebra gγ obtained by Yau twist of g by γ. We define a
linear map Φ : C•(g, γ)→ C˜
•
CE(gγ) by
(ϕ,ψ) 7→ (γn−1ϕ+ γn−2ψ ◦ ν, γn−2ψ), (40)
where
(ψ◦ν)(x1, . . . , xn) = ψ(ν∧id
∧n−2)(x1, . . . , xn) =
∑
i<j
(−1)i+j−1ψ([xi, xj ], x1, . . . , xˆi, xˆj , . . . xn)
for ϕ ∈ Cnν (γ) and ψ ∈ C
n
γ (γ). Then we get the following
Theorem 2.6. Let g be a Lie algebra and γ : g→ g be an endomorphism. Then Φ defined
as above is chain map, which is an isomorphism if γ is invertible. So in particular it
induces a homomorphism in cohomology.
Proof. One has to show that ∂Φ(ϕ,ψ) = Φδ(ϕ,ψ) for (ϕ,ψ) ∈ C(g, γ), where δ denotes
the differential in C(g, γ) and ∂ the one in C˜CE(gγ). We have
Φ(δϕ)(x1, . . . , xn+1) = Φ
(∑
i
±xi · ϕ(x1, . . . , xn+1)−
∑
i<j
±ϕ([xi, xj ], x1, . . . , xn+1),
γϕ(x1, . . . , xn+1)− ϕ(γ(x1), . . . , γ(xn+1))
)
=
(∑
i
γn(xi · ϕ(x1, . . . , xn+1))−
∑
i<j
±γn(ϕ([xi, xj], x1, . . . , xn+1))
+
∑
i<j
γnϕ([xi, xj ], x1, . . . , xn+1)− γ
n−1ϕ(γ([xi, xj ]), γ(x1), . . . , γ(xn+1)),
γnϕ(x1, . . . , xn+1)− γ
n−1ϕ(γ(x1), . . . , γ(xn+1))
)
=
(∑
i
γn(xi · ϕ(x1, . . . , xn+1))−
∑
i<j
γn−1ϕ(γ([xi, xj ]), γ(x1), . . . , γ(xn+1)),
γnϕ(x1, . . . , xn+1)− γ
n−1ϕ(γ(x1), . . . , γ(xn+1))
)
=∂(γn−1ϕ(x1, . . . , xn+1), 0) = ∂Φ(ϕ)(x1, . . . , xn+1).
Similarly one can check that ∂Φ(0, ψ) = Φδ(0, ψ). If γ is invertible the inverse of Φ is
given by Φ−1(ϕ,ψ) = (γ−n+1ϕ− γ−n+1ψ, γ−n+2ψ).
We compute the α-type cohomology of Lie algebras, viewed as Hom-Lie algebras.
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Theorem 2.7. Let (g, ν, id) be a Lie algebra considered as a Hom-Lie algebra. Then
H˜
n
CE(g, g) = H
n
CE(g, g)⊕H
n−1
CE (g, g). (41)
Here HCE(g, g) denotes the ordinary Chevalley-Eilenberg cohomology of g but with H
1
CE(g, g)
replaced by Der(g) and H0CE(g, g) by {0}.
Proof. This follows directly from Theorem 2.6, since ∂γ = 0 and the other two parts of
the differential are precisely the ordinary Chevalley-Eilenberg differential on CnCE(g, g) and
Cn−1CE (g, g). One has to replace H
1
CE(g, g) with Der(g) and H
0
CE(g, g) with {0} since our
complex starts with C˜
1
CE(g, g).
2.2 Whitehead Theorem
In this section we need the field K to be of characteristic 0. If g is a simple Lie algebra, the
well known Whitehead Lemma states that HCE(g, g) is trivial. So the α-type Chevalley-
Eilenberg cohomology consists of the derivations. Simple Hom-Lie algebras are Yau twists
of semi-simple Lie algebras by automorphisms [CH16]. In this section we compute the
α-type Chevalley-Eilenberg cohomology for (finite-dimensional) simple Hom-Lie algebras.
Proposition 2.8. Let g be a (finite dimensional) semi-simple Lie algebra and γ : g → g
an automorphism. Then H1(γ) = Derγ(g), H
2(γ) = γ(Der(g))
/
∂γ(Der(g)) and H
k(γ) =
0 for k ≥ 2. Here Derγ(g) = {ϕ ∈ Der(g)| γϕ = ϕγ} and α(Der(g)) = {α ◦ϕ|ϕ ∈ Der(g)}.
Proof. By the usual Whitehead Lemma we get that HCE(g,M) = {0} for a simple g-
module M . So in particular HCE(g, g) = 0 and HCE(g, g˜) = 0, where g˜ denotes g with
the action given by x · y = [γ(x), y] for x ∈ g and y ∈ g˜. So if we consider the spectral
sequence associated to the vertical filtration of the bicomplex C(γ), for the first page of
it, which is the cohomology with respect to ∂CE , we get
H1(C•ν (g, g)) = Der(g) = InnDer(g),H
1(C•γ (g)) = Der(g˜) = InnDer(g˜). (42)
We do not get zero here, since we started the complex for H(γ) by Hom(g, g) and dropped
Hom(K, g). So the second page of the spectral sequence gives the claimed result. We have
α-Der(g) = α(Der(g)), so every γ-derivation is of the form γϕ for a derivation ϕ.
If α is diagonalizable, we further have H2(γ) = γDer(g)
/
∂γ Der(g)
∼= γDerγ(g).
Theorem 2.9 (Whitehead Theorem for Hom-Lie algebras). Let (g, ν, α) be a finite dimen-
sional simple Hom-Lie algebra, then H˜
1
CE(g, g) = Derα(g), H˜
2
CE(g, g) = α(Der(g))
/
∂γ(Der(g))
and H˜
k
CE(g, g) = 0 for k ≥ 2.
Proof. For a simple Hom-Lie algebra we have that α is invertible and in [CH16] it is proven
that gα−1 is a semi-simple Lie algebra. So it is enough to compute H(gα−1 , α). This is
given by the previous proposition.
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3 L∞-structure
As in the Hom-associative case, we conjecture that there is an L∞-structure on the complex
C˜CE(g, g), where g is a vector space considered as Hom-Lie algebra with the zero Hom-Lie
structure, such that Maurer-Cartan elements are Hom-Lie algebra structures on g and the
cohomology one can construct from this is the one we defined in the previous section. In
fact we suspect that the L∞-structure describing Hom-Lie algebras can be derived from
the one describing Hom-associative algebras by total antisymmetrization.
However using a graph complex, which corresponds to a free operad, we are able to
calculate the low degrees.
We consider the free symmetric operad, spanned by totally skewsymmetric operations
, , , , , . We consider them to be graded with deg( k ) = k − 1 and
deg( k ) = k − 2.
On this free operad we define a differential on generators by ∂ = ∂ = 0,
∂ = , ∂ = − ,
∂ = − + ,
∂ = − − − .
Here one has to take the total antisymmetrization of each term, but only take terms, which
are not equal using the antisymmetry of the operations.
Using the same technique as in [HM18], based on [Mar06, FMY09], we obtain an L∞-
structure on C˜CE(g, g) by replacing the nodes with maps in the complex.
We give the corresponding brackets for ϕi ∈ C
i
ν(g, g), ψi ∈ C
i
α(g, g), αi ∈ C
2
α(g, g) and
νi ∈ C
2
ν(g, g):
deg 1 :
[ν1, ν2, α]ν = ν1(ν2 ∧ α) + ν2(ν1 ∧ α),
[ν, α]α = αν,
[ν, α1, α2]α = −ν(α1 ∧ α2),
deg 2 :
[ϕ3, ν, α1, α2]ν = ϕ3(ν ∧ α1 ∧ α2)− ν(ϕ3 ∧ α1α2)− ν(ϕ3 ∧ α2α1),
[ψ3, ν1, ν2, α1, α2]ν =
∑
σ∈S2
νσ(1)(ψ3 ∧ νσ(2)(α1 ∧ α2)),
[ϕ3, α]α = αϕ3,
[ϕ3, α1, α2, α3]α = −ϕ3(α1 ∧ α2 ∧ α3),
[ψ3, ν, α]α = ψ3(α ∧ ν),
[ψ3, ν, α1, α2]α = −ν(ψ3 ∧ α1α2)− ν(ψ3 ∧ α2α1).
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Theorem 3.1. The Maurer-Cartan elements of this L∞-structure are Hom-Lie algebras,
and the differential on C˜
2
CE and C˜
3
CE comes from it.
Proof. It is clear, by regarding the brackets in degree 0, that a Maurer-Cartan element
is a Hom-Lie algebra. The differentials of (ϕ,ψ) ∈ C˜CE(g, g) can be computed by ∂ϕ =
[α, . . . , ν, . . . , ϕ] and similar for ψ. Here α, . . . stands for the insertion of zero or more α
and the same for ν. Inspection of the brackets shows that this agrees with the definition
given before.
4 Deformation theory including the structure map
In this section we briefly discuss how the α-type Chevalley-Eilenberg cohomology can be
used to study one-parameter formal deformations of a Hom-Lie algebra (g, ν, α), where
the bracket ν and the structure map α are deformed. For this we denote by K[[t]] the ring
of formal power series over K in a formal parameter t. For a vector space g we denote by
g[[t]] the space of formal power series of the form
∑∞
i=0 git
i for gi ∈ g. This is obviously a
K[[t]]-module. We recall that a K[[t]]-linear map ϕ between V [[t]] andW [[t]] for two vector
spaces V,W can be given by
∑∞
i=0 ϕit
i, where ϕi : V → W are K-linear maps extended to
K[[t]]-linear maps V [[t]]→ W [[t]] in the obvious way.
Definition 4.1. A (one-parameter formal) deformation of a Hom-Lie algebra (g, ν, α)
over K is a Hom-Lie algebra (g[[t]], νt, αt) over K[[t]], such that αt = α +
∑∞
i=1 αit
i and
[x, y]t = [x, y] +
∑∞
i=1 t
i[x, y]i. Here we denote νt(x⊗ y) = [x, y]t.
Definition 4.2. Two deformations (νt, αt) and (ν
′
t, α
′
t) are said equivalent if there exists
a formal morphism S = id+
∑∞
i=1 Sit
i, where Si : g → g are linear maps, such that
S([x, y]′t) = [S(x), S(y)]t and Sα
′
t = αtS.
It is clear that this equivalence is an equivalence relation on the set of deformations of
a Hom-Lie algebra.
Let g be a Lie algebra viewed as Hom-Lie algebra and (g[[t]], νt, αt) be a deformation.
Then α1 is a derivation. This follows from the multiplicativity, using the expansions
αt([x, y]t) = [x, y] + t(α1[x, y] + [x, y]1) + O(t
2) and [αt(x), αt(y)]t = [x, y] + t([α1x, y] +
[x, α1y] + [x, y]1) +O(t
2).
The condition that (g[[t]], νt, αt) is a deformation of (g, ν, α) is equivalent to the following
two conditions:
First it has to satisfy the Hom-Jacobi identity, which gives
∑
i,j,k≥0
	
x,y,z
νi(αj(x), νk(y, z))t
i+j+k = 0. (43)
Here and in the following equations 	x,y,z denotes the cyclic sum over the elements
x, y, z ∈ g. At order n in t this gives
∑
i,j,k≥0
i+j+k=n
	
x,y,z
νi(αj(x), νk(y, z)) = 0. (44)
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This is called the n-th deformation equation with respect to the Hom-Jacobi identity. It
can be rearranged to
(∂νννn + ∂αναn)(x, y, z) =
∑
0≤i,j,k≤n−1
i+j+k=n
	
x,y,z
νi(αj(x), νk(y, z)) = 0, (45)
where ∂νννn(x, y, z) = −	x,y,z νn([x, y], α(z))+	x,y,z[α(x), νn(y, z)] and ∂αναn(x, y, z) =
	x,y,z[αn(x), [y, z]] are the parts of the differential defined in Section 2. We denote the
right hand side by R1n.
Second, it has to satisfy the multiplicativity, this is
∑
i,j≥0
αi(νj(x, y))t
i+j −
∑
i,j,k≥0
νi(αj(x), αk(y))t
i+j+k = 0. (46)
At order n this gives
n∑
i=0
αi(νn−i(x, y)) −
∑
0≤i,j,k≤n
i+j+k=n
νi(αj(x), αk(y)) = 0. (47)
We call this the n-th deformation equation with respect to the multiplicativity. Again this
can be rewritten as
(∂αααn + ∂νανn)(x, y) = −
n−1∑
i=0
αi(νn−i(x, y)) +
∑
0≤i,j,k≤n−1
i+j+k=n
νi(αj(x), αk(y)), (48)
where ∂νανn = ανn−νn(α⊗α) and ∂αααn(x, y) = [α(x), αn(y)]− [α(y), αn(x)]−αn([x, y]).
We denote the right hand side by R2n.
Since the deformation is governed by an L∞-algebra, we have the usual statement re-
lating deformations and cohomology. We will omit the proof here since these follows from
the deformation equations given above and are almost identical to the Hom-associative
case given in [HM18].
Theorem 4.3. Let (g, ν, α) be a Hom-Lie algebra and (g[[t]], νt, αt) be a deformation of
g. Then we have
1. The first order term is a 2-cocycle, i.e. we have ∂(ν1, α1) = 0, whose cohomology
class is invariant under equivalence.
2. The n-th deformation equations with respect to the Hom-Jacobi identity and mul-
tiplicativity, are equivalent to ∂(νn, αn) = (R
1
n, R
2
n). Furthermore, (R
1
n, R
2
n) is a
3-cocycle, i.e. ∂(R1n, R
2
n) = 0.
This means that the construction of a deformation order by order gives equations in
H˜
3
CE(g, g), we also get:
Corollary 4.4. If H˜
3
CE(g, g) = 0 any finite deformation up to order n can be extended to
a full deformation. So especially every 2-cocycle can be extended to a deformation.
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Proposition 4.5. If two deformations (νt, αt) and (ν
′
t, α
′
t) agree up to order n − 1, i.e.
αi = α
′
i, νi = ν
′
i for i = 1, . . . , n − 1, then we have ∂(νn − ν
′
n, αn − α
′
n) = 0 and there
exists an equivalence up to order n if there exists linear maps Sn : g → g such that
∂(Sn, 0) = (ν − ν
′
n, αn − α
′
n).
So the construction of an equivalence is a problem in H˜
2
CE(g, g), and we get
Corollary 4.6. If H˜
2
CE(g, g) = 0, then all deformations are trivial, i.e. are equivalent to
the undeformed algebra.
5 Examples
Next, we compute the α-type Chevalley-Eilenberg cohomology explicitly for some low
dimensional Hom-Lie algebras by using a computer software.
First we consider a Hom-Lie algebra, which is not of Lie-type. Let g be a vector space
with basis given by (x, y, z). Then we define α by α(x) = x, α(y) = y, α(z) = 0 and a
bracket by
[x, y] = x, [y, z] = z and [x, z] = z. (49)
It is easy to verify that this is in fact a Hom-Lie algebra and it is not of Lie-type since
z ∈ Im ν but z /∈ Im(α). The following table gives the dimensions of the cohomology and
of the coboundaries and cocycles:
i dim C˜
i
CE dim Im ∂
i dimker ∂i dim H˜
i
CE
1 9 8 1 1
2 18 8 10 2
3 12 2 10 2
4 3 0 3 1
The cohomology space can be spanned by the following maps, where ϕ ∈ Cnν (g, g) =
Hom(Λng, g) and ψ ∈ Cnα(g, g) = Hom(Λ
n−1g, g):
H˜
1
CE(g, g) :ϕ(z) = λz,
H˜
2
CE(g, g) :ϕ ≡ 0, ψ(z) = λ1z, g(x) = (λ1 + λ2)x, ψ(y) = λ2y,
H˜
3
CE(g, g) :ϕ ≡ 0, ψ(x, z) = λ1(z)x, ψ(y, z) = λ2z,
H˜
4
CE(g, g) :ϕ ≡ 0, ψ(x, y, z) = λz.
In the following we consider a Hom-Lie algebra, which is of Lie type. For this we consider
a vector space g spanned by x, y, z and a Lie bracket defined by
[x, y] = x, [x, z] = x, [y, z] = y − z. (50)
The dimensions of the cohomology spaces are as follows:
i dim C˜
i
CE(g, g) dim Im ∂
i dimker ∂i dim H˜
i
CE(g, g)
1 9 3 6 6
2 18 6 12 9
3 12 3 9 3
4 3 0 3 0
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It is enough to give its ordinary Chevalley-Eilenberg cohomology to know the α-type
Chevalley-Eilenberg cohomology. It is given by
H1CE(g, g) :ϕ(x) = λ1x− λ2y + λ2z
ϕ(y) = λ3x− λ4y + λ4z
ϕ(z) = λ5x− λ6y + λ6z
H2CE(g, g) :ϕ(x, y) = λ1z, ϕ(x, z) = −λ1y
ϕ(y, z) = λ2x+ λ3z − λ3y,
where λi are parameters.
It is easy to see that γ(x) = 0, γ(y) = y, γ(z) = z defines a morphism of g. So the Yau
twist gγ is a Hom-Lie algebra, with structure map γ and the only non vanishing bracket
is [y, z]γ = y − z. The dimensions of the cohomology are given in the following table:
i dim C˜
i
CE(gγ , gγ) dim Im ∂
i dimker ∂i dim H˜
i
CE(gγ , gγ)
1 9 6 3 3
2 18 7 11 5
3 12 2 10 3
4 3 0 3 1
The derivations and α-derivations of gγ can be obtained from the derivations of g, which
are compatible with γ. They are both given by:
f(x) = λ1x, f(y) = λ2y − λ2z, f(z) = λ3y − λ3z. (51)
So they can be seen as part of the first and second cohomology. The remaining cohomology
is spanned by
H˜
2
CE(gγ , gγ) : ϕ(x, y) = λ1x, ϕ(x, z) = λ2x, (52)
H˜
3
CE(gγ , gγ) : ϕ(x, y, z) = λ1x, ψ(x, y) = λ2x, ψ(x, z) = λ3x, (53)
H˜
4
CE(gγ , gγ) : ψ(x, y, z) = λ1x. (54)
This cannot be obtained using Theorem 2.6, since x /∈ Im γ. So the cohomology of g and
gγ differ and most of the cohomology from gγ cannot be obtained from the one of g. Also
all cocycles of g of degree 2 or higher are either not compatible with γ or map to zero
under Φ and so do not contribute the the cohomology of gγ .
6 Grand Crochet
It is well known that the Grassmann algebra Λ•g = S(g[1]) of a vector space g is a Hopf
algebra, with coproduct given by ∆(x) = 1⊗ x+x⊗ 1 for x ∈ g, and extended to the rest
of Λ•g as algebra morphism. By g[1] we mean the shifted space. This means an element
x ∈ g has degree 1, since we assume g to be concentrated in degree 0. So maps on Λ•g are
graded and we use the Koszul sign rule, i.e. (ϕ⊗ψ)(x⊗ y) = (−1)deg(ψ) deg(x)ϕ(x)⊗ψ(y).
The structure maps α and β can be extended to Hopf algebra morphism on Λ•g, which
we also denote by α and β respectively.
15
We give a generalization to Hom-Lie algebras of the grand crochet defined by Lecomte
and Roger [LR90]. For the case β = α−1 this was already done in [CS16].
Let ϕ ∈ Hom(Λ•g,Λ•g) for a vector space g with two structure maps α, β : g→ g which
commute. Normally g will be a Lie bialgebra and one can regard g here as a Hom-Lie
bialgebra with trivial bracket and cobracket.
We define the α- and β-height of ϕ, as integers |ϕ|α and |ϕ|β respectively. We also write
|ϕ| = (|ϕ|α, |ϕ|β). The height of α is (1, 0) and the height of β is (0, 1). This explains the
name. Further if g is a Lie bialgebra we set |ν| = (1, 0) and |δ| = (0, 1). More generally
|ϕ| = (i − 1, j − 1) for ϕ ∈ Hom(Λ•g,Λ•g) with the usual action and coaction, so for
example in Ci,jCE(g). If the action is twisted by α
k this is a ·x = [αk(a), x] and the coaction
by βl then |ϕ| = (i+k−1, j+ l−1). So e.g. |ϕ| = (i, 0) for ϕ ∈ Ciα(g). On the other hand
if we say ϕ has a certain height, we also assume the actions to be twisted accordingly.
Given maps ϕi and ψi with height such that |ϕi| = |ϕj | and |ψi| = |ψj | for all i, j. We
set |(ϕ1 ⊗ · · · ⊗ ϕk)(ψ1 ⊗ · · · ⊗ ψl)| = |ϕi|+ |ψi|.
More generally given an arbitrary composition of maps with height one can follow the
paths from the inputs to the outputs and associate a height to them by adding the heights
of the maps one passes. If all paths have the same height we call it homogeneous.
We set the height of the product and coproduct on Λ•g to zero. By prg or simply pr we
denote the projection from Λ•g→ g. Note that prµ = µ(pr⊗ id+ id⊗ pr).
Remark 6.1. Note that all maps in the differentials, the compatibility condition and so on
for Hom-algebras of any type we considered are homogeneous. Also most compositions can
be made homogeneous be inserting α and β as needed. This is even how most definitions
can be obtained. One considers the non-Hom case and adds the structure maps as needed.
However it can happen that α−1, which has |α−1| = (−1, 0), would be needed.
Now we can define the grand crochet.
Let ϕ,ψ ∈ Hom(Λ•g,Λ•g) be maps with height, then we define a product by
ψ ◦ ϕ = µ(ψ ⊗ αψ)(µ ⊗ id)(id⊗ pr⊗ id)(id⊗∆)(αϕ ⊗ ϕ)∆ (55)
and with that
{ϕ,ψ}GC = ϕ ◦ ψ − (−1)
deg(ϕ) deg(ψ)ψ ◦ ϕ. (56)
Here we used the shorthand αϕ = α|ϕ|αβ|ϕ|β , which has the same height as ϕ.
For ϕ ∈ Hom(Λkg, g) and ψ ∈ Hom(Λlg, g) the product ◦ can be written as
(ϕ ◦ ψ)(x1, . . . , xk+l−1) =
1
k!(l − 1)!
∑
σ∈Sn+k
ϕ(ψ(xσ(1) , . . . , xσ(k)),
α|ϕ|α(xσ(k+1)), . . . , α
|ϕ|α(xσ(k+l−1))). (57)
Proposition 6.2. For (ϕ,ψ) ∈ C˜CE(g, g) = Hom(Λ
•g, g) and χ1, χ2 ∈ Hom(Λ
•g,Λ•g)
with arbitrary heights we have:
• ∂ννϕ = (−1)
k−1{ν, ϕ}GC.
• ∂ααψ = (−1)
k−1{ν, ψ}GC.
• ∂να(χ1 ◦ χ2) = (∂ναχ1 ◦ χ2) + (χ1 ◦ ∂ναχ2)
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Proof. We have that
ν ◦ ϕ = (−1)k−1[ αk(x(1)), ϕ(x(2))], ϕ ◦ ν = (−1)k−1ϕ(α(x(1)) ∧ ν(x(2))), (58)
where we used the Sweedler notation ∆(x) = x(1) ⊗ x(2) for the coproduct in Λ•g. This
shows that ∂ννϕ = (−1)
k−1{ν, ϕ}GC.
The second statement follows from
∂ναχ1 ◦ χ2 + χ1∂να ◦ χ2 = α
′χ1 ◦ χ2 − χ1α
′ ◦ χ2 + χ1 ◦ α
′χ2 − χ1χ2α
′
= α′χ1 ◦ χ2 − χ1χ2α
′ = ∂να(χ1 ◦ χ2).
Using χ1 ◦ α
′χ2 = µ(χ1 ⊗ α
χ
1 )Q(α
χ2α′ ⊗ α′χ2) = µ(χ1α
′ ⊗ αχ1α
′)Q(αχ2 ⊗ χ2) = χ1α
′ ◦ χ2.
Also remember that α′χ1 and ∂ναχ1 have the height |χ1|+ |α|.
7 α-type cohomology for Hom-Lie bialgebras
We define an α-type cohomology for Hom-Lie bialgebras, where α = β. We only give the
definition, state the basic facts and do not give any details of the proofs here. The case
α different from β is more complicated than the case of Hom-associative bialgebras, since
the compatibility of the product and the coproduct involves the structure maps α and β.
Notice that if α = β, the complex is no longer a bicomplex.
For a Hom-Lie bialgebra (g, ν, δ, α, α) we set
C˜k(g) = Ckν(g)⊕ C
k
α(g) =
k⊕
l=1
Hom(Λlg,Λk−l+1g)⊕
k−1⊕
i=1
Hom(Λlg,Λk−lg). (59)
Fur further set Cijα (g) = Hom(Λig,Λjg) ⊂ C
i+j
α (g) and C
ij
ν (g) = Hom(Λig,Λjg) ⊂ C
i+j−1
ν (g).
Similarly to the previous section it is convenient to define the height of an element in the
cohomology. Since here we do not distinguish between α and β, the height is an integer
and not a pair. With this we define a grand crochet as before. The height of an element
in Cijα (g) is i+ j − 1 and of one in C
ij
ν (g) is i+ j − 2.
For ϕij ∈ Hom(Λ
ig,Λjg) ⊂ Ci+j−1ν (g) and ψij ∈ Hom(Λ
ig,Λjg) ⊂ Ci+jα (g), we set
∂ϕ = (∂ννϕ, ∂ναϕ, ∂
c
ννϕ) ∈ C
i+1,j
ν ⊕ C
i,j
α ⊕ C
i,j+1
ν (60)
∂ψ = (∂ανψ,−∂ααψ, ∂bψ,−∂
c
ααψ, ∂
c
ανψ)
∈ Ci+2,jν ⊕ C
i+1,j
α ⊕ C
i+1,j+1
ν ⊕ C
i,j+1
α ⊕ C
i,j+2
ν .
(61)
Here ∂αα = {ν, ·}GC, ∂
c
αα = {δ, ·}GC, ∂ναϕ = αϕ − ϕα and ∂ναϕ = µ(α
|ϕ−1|ν ∧ ϕ)∆. So
there are the same as in the definition of the α-type cohomology for Lie algebras and their
duals. The map ∂b is defined by
∂bψ = ∂b1 + ∂b2
= µ3(id⊗ν ⊗ id)(pr⊗µ⊗ id)(∆ ⊗∆)(δα|ψ|−1 ⊗ ψ)∆
+ µ(α|ψ|−1ν ⊗ ψ)(µ ⊗ µ)(pr⊗∆⊗ id)(id⊗δ ⊗ id)∆3.
(62)
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This means for ψ ∈ Ck,lα (g)
∂b1ψ(x1, . . . , xk+1) =
k+1∑
i=1
(−1)iδ(αk+lxi) · ψ(x1, . . . )
=
∑
i<j
(−1)i+j−1αk+l(x
[1]
i ) ∧ (α
k+l(x
[2]
i ) · ψ(x1, . . . , xˆi, . . . , xk+1)),
where δ(x) = x[1] ∧ x[2], and ∂b2 is the dual given by
∂b2ψ(x1, . . . , xk+1) =
k+1∑
i=1
(−1)i[α(xi), x
[1]
j ] ∧ ψ(x
[2]
j , α(x1), . . . , xˆi, xˆj, α(xk+1)).
Theorem 7.1. The map ∂ defined above is a differential for the complex C˜(g).
Proof. This is a very lengthy calculation, which we avoid here.
Remark 7.2. The differential is defined such that the first order term of a deformation
is a cocycle. Furthermore similar to Section 3 we found the low order terms of an L∞-
structure which has as Maurer-Cartan elements Hom-Lie algebras and the cohomology
in low degrees one gets from this is the one describe above. So the statements relating
cohomology and deformations are true.
Given a Lie bialgebra g and an endomorphism γ : g → g, we define a cohomology for
γ. For the case of arbitrary Lie bialgebra morphisms this can been found in [FZ15]. We
modify the definition slightly to better agree with the definition of C˜(g). The complex is
given as the complex for the α-type cohomology. We write however Cν instead of Cν and
Cγ instead of Cα. The differential for ϕ ∈ C
i,j
ν (γ) and ψ ∈ C
i,j
γ (γ) is given by
∂ϕ = (∂CEϕ, ∂γϕ, ∂
c
CEϕ) ∈ C
i+1,j
ν ⊕ C
i,j
α ⊕ C
i,j+1
ν , (63)
∂ψ = (−∂CEψ,−∂
c
CEϕ) ∈ C
i+1,j
α ⊕ C
i,j+1
α . (64)
Here ∂CE is the ordinary Chevalley-Eilenberg differential and ∂
c
CE its dual. The action on
ψ is given by x · ψ = γ(x)ψ.
There is a morphism Φ : C•(γ)→ C˜•(gγ) of complexes given by
Φ(ϕ) = (γi−1ϕγj−1), (65)
Φ(ψ) = (γi−1(ψ ◦ ν)γj−1, γi−1ψγj−1, γi−1(δ ◦ ψ)γj−1), (66)
for ϕ ∈ Ci,jν and ψ ∈ C
i,j
γ . If γ is invertible, so is Φ.
8 Hom-type cohomology for Hom-Lie bialgebras
In this section we provide a Hom-type cohomology for Hom-Lie bialgebras (g, ν, δ, α, β),
where α and β are arbitrary.
We consider the complex
Bi,j = Homα(Λ
ig,Λjg) = {ϕ ∈ Hom(Λig,Λjg)|α⊗jϕ = ϕα⊗i, β⊗jϕ = ϕβ⊗i}
for i, j ≥ 1 and {0} otherwise.
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Theorem 8.1. The bracket defined in Eq. (56) defines a graded Lie algebra structure on
B••.
Proof. We compute ϕ ◦ (ψ ◦ χ), for this we introduce
Q = (µ⊗ id)(id⊗ pr⊗ id)(id⊗∆),
and get
ϕ ◦ (ψ ◦ χ) = µ(ϕ⊗ αϕ)(id⊗µ)Q(id⊗ψ ⊗ αψ)(id⊗Q)(αϕψ ⊗ αχ ⊗ χ)(id⊗∆)∆
= µ(ϕ⊗ αϕ)(id⊗µ)(Q⊗ id)(αψ ⊗ ψ ⊗ αψ)(id⊗Q)(∆⊗ id)(αχ ⊗ χ)∆ (67)
+ µ3(αϕ ⊗ ϕ⊗ αϕ)(id⊗Q)(τ ⊗ id)(αψ ⊗ ψ ⊗ αψ)(αχ ⊗ αχ ⊗ χ)∆3.
Here we use the abbreviations µ3 = µ(id⊗µ) and ∆3 = (∆⊗id)∆. Using that ϕ commutes
with α and β, the last term can be rearranged to
µ3(αϕ ⊗ αψ ⊗ id)(ψ ⊗ ϕ⊗ id)(id⊗Q)(τ ⊗ id)(id⊗Q)(αχ ⊗ αχ ⊗ χ)∆3. (68)
This can be seen to be symmetric in ϕ and ψ. The term (ϕ ◦ ψ) ◦ χ can be computed
similarly. One gets the term (67) plus a term symmetric in ψ and χ. So in total we get∑
perm.ϕ,ψ,χ(ϕ ◦ (ψ ◦ χ) − (ϕ ◦ ψ) ◦ χ) = 0. This is equivalent to the fact that {·, ·}GC
satisfies the Jacobi identity.
Proposition 8.2. Let g be a vector space with two structure maps α, β : g→ g then
• If ν ∈ B2,1 satisfies {ν, ν}GC = 0 then (g, ν, α) is a Hom-Lie algebra.
• If δ ∈ B2,1 satisfies {δ, δ}GC = 0 then (g, δ, β) is a Hom-Lie coalgebra.
• If a pair (ν, δ) satisfies {ν+δ, ν+δ}GC = 0 then (g, ν, δ, α, β) is a Hom-Lie bialgebra.
These are the Maurer-Cartan elements of {·, ·}GC.
Proof. This follows easily using the computation done in the proof of Proposition 6.2.
Moreover the grand crochet can be restricted to the complex Homα(Λ
•g, g), which is the
complex of the Chevalley-Eilenberg cohomology for Hom-Lie algebras. On this complex,
it agrees with the generalization of the Nijenhuis-Richardson bracket given in [AEM11].
We define the total complex Bi =
⊕i
j=1B
j,i−j.
Proposition 8.3. Let g be a Hom-Lie bialgebra. The map ∂ : B• → B• defined by
∂ϕ = {ν + δ, ϕ}GC is a differential, i.e. ∂ ◦ ∂ = 0.
Proof. This is standard and follows from the Jacobi identity of the grand crochet.
With this one can define a cohomology for Hom-Lie bialgebras.It can be used to describe
deformations of Hom-Lie algebra, coalgebra and bialgebras, where the structure maps are
fixed.
Remark 8.4. Note that in the Hom-context it is not straightforward to define an analog
to quasi-Lie bialgebras. Since extending the bracket to including maps in Hom(K,Λ•g)
would involve α−1.
Remark 8.5. In the case that α = β = id the cohomology we defined here is precisely the
normal cohomology for Lie bialgebras, since in this case the complex is just Hom(Λ•g,Λ•g)
and the grand crochet we defined here is the ordinary one.
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